The moduli space of toroidal type I vacua, which are consistent at the nonperturbative level, consists of independent branches characterized by the number (0, 16 or 32) of rigid branes sitting on top of orientifold planes. This structure persists also when supersymmetry is spontaneously broken à la Scherk-Schwarz. We show that all the components of the moduli space in dimension D ≥ 5 indeed admit heterotic dual components, by explicitly constructing heterotic-type I dual pairs with the rank of the gauge group reduced by 0, 8 or 16 units. In the presence of spontaneous breaking of supersymmetry, the dual pairs we consider are also free of tachyonic instabilities at the one-loop level, provided the scale of supersymmetry breaking is lower than the string scale.
Introduction
Worldsheet conformal field theories admit marginal deformations. As a consequence, the spectra of string theories possess generically moduli fields at tree level. When they are coupled to the visible sector, the arbitrary vacuum expectation values of these massless scalars can spoil the predictability of the models. They also lead to long range forces, which violate the experimental bounds on the validity of the equivalence principle. Therefore, it is important to determine the mechanism(s) responsible for their stabilization and/or for reducing their number from the outset. Among various approaches, string compactifications with fluxes [1] [2] [3] [4] [5] or non-perturbative effects at the level of the effective field theories [6] [7] [8] [9] [10] [11] have been examined, in order to lift some of the flat directions of the scalar potential.
In Refs [12, 13] , an interesting class of models that partially address these issues was analyzed 1 . It was considered in the context of the type I string theory compactified on tori, where supersymmetry is totally but spontaneously broken at a scale M , via a stringy version [15] [16] [17] [18] [19] [20] [21] [22] [23] of the Scherk-Schwarz mechanism [24] . At 1-loop, an effective potential is generated, and stabilization of all open string Wilson lines was achieved, provided M is lower than the string scale, 2 a fact that we assume throughout the present paper. Indeed, by T-dualizing all the internal directions, one may switch to an orientifold description where the open string moduli translate into the positions of the 32 Dirichlet-branes (D-branes).
The key point is that these objects are either moving in the bulk in pairs as mirror images, or they are rigid, namely their positions are forced to be fixed on top of orientifold planes (O-planes), thus reducing the rank of the gauge group as well as the dimension of the moduli space [25] .
However, difficulties persist about the moduli arising from the closed string sector. First of all, these scalars (except M a priori) remain flat directions of the 1-loop effective potential V 1-loop . In fact, in D spacetime dimensions, one finds that V 1-loop ∼ (n F − n B )M D at the minima of the open string moduli, where n F and n B are the numbers of massless fermionic and bosonic degrees of freedom, respectively. Second, to account for the flatness of the universe, peculiar models sometimes referred as "super no-scale models", which have massless 1 In Ref. [14] models with spontaneously broken supersymmetry and dynamical stabilization of moduli at self-dual radii in AdS vacua were already considered. 2 In our conventions, all dimensionfull quantities are expressed in string units, with α set to 1. degenerate spectra (n F = n B ), should be considered [26] [27] [28] [29] [30] [31] [32] . 3 Alternatively, one can deal with Friedmann-Lemaître-Robertson-Walker flat cosmological evolutions, where the supersymmetry breaking scale [33] [34] [35] and possibly the finite temperature of the Universe [36] [37] [38] [39] [40] [41] [42] are time-dependent.
In the present work, we reconsider the above class of open string models from a heterotic dual point of view. One of our motivations is that finding from scratch heterotic models free of tachyonic instabilities at 1-loop turns out to be a difficult task, even when M 1 [34] .
Hence, an efficient way to reach this goal is to start from the orientifold picture, where models with these properties are easily identified, thanks to the interpretation of moduli in terms of geometrical positions of D-branes. Moreover, since open string models are based on perturbative constructions, additional conditions should exist to ensure their consistency at the non-perturbative level [43] [44] [45] [46] [47] . In particular, the O(32) gauge bundles should allow an embedding in Spin(32)/Z 2 bundles, as required from the dual (perturbative) heterotic point of view. It turns out that the moduli space of the orientifold models splits into distinct components characterized by various patterns of rigid branes. One of our main results is that at least for D ≥ 5, all of these consistent branches admit heterotic dual descriptions. Finally, one may forecast that the stabilization of the closed string moduli present in the orientifold picture may be achieved on the heterotic side, at points of enhanced gauge symmetry in moduli space [38] [39] [40] [41] [42] 48] . However, this expectation turns out to be essentially incorrect, due to the fact that the relevant heterotic descriptions are freely acting orbifold constructions that project out the extra states that usually arise at particular points in moduli space.
Hence, heterotic and type I models are typically on equal footing from this point of view.
The plan of the paper is as follows. In Sect. 2, we summarize the relevant features of the orientifold models of Ref. [12] , whose open string moduli are stabilized at 1-loop when M 1. We also list the conditions valid in dimension D ≥ 5 [43] that are expected to guarantee the non-perturbative consistency of the models. Sect. 3 presents the simplest example of a heterotic model that is dual to such an orientifold theory. It is realized in five dimensions and corresponds, on the open string side, to the case where the 32 D-branes are isolated with rigid positions, thus generating a trivial gauge symmetry we formally denote by SO(1) 32 . This notation is justified by the fact that in general, a stack of p D-branes on an orientifold plane yields an SO(p) gauge symmetry. On the heterotic side, the counterpart of an isolated rigid D-brane located on top of an orientifold plane is an Ising conformal block. This peculiar model turns out to be free of any tachyonic instability at tree level, as is also the case in the model of Ref. [14] , even at large supersymmetry breaking scale. In the SO(1) 32 case, the potential is positive at least when M 1, so that M may be attracted to smaller and smaller values. On the contrary, in Ref. [14] , the scale M is stabilized around 1, where it leads to a negative potential at 1-loop. It should be also noticed that the SO(1) 32 model, in its supersymmetric version, already appeared in Ref. [49] .
In Sect. 4, we show that in the heterotic description, the existence of points of enhanced gauge symmetry responsible in principle for the stabilization of internal torus moduli is quite limited. Sect. 5 is devoted to the construction of another example of a heterotic model in six dimensions. It is dual to a tachyon free orientifold theory, whose open string gauge symmetry is [SO(3)×SO(1)] 8 coupled to fermionic matter in the "bifundamental" representations. The heterotic description necessarily requires an asymmetric freely acting orbifold projection, as dictated by modular invariance. Our conclusions and perspectives are contained in Sec. 6.
Orientifold vacua, rigid branes and broken supersymmetry
Before moving to the construction and analysis of heterotic models with reduced rank, let us review the main features of toroidal orientifold constructions with broken supersymmetry, free of tachyonic instabilities at 1-loop (provided M 1) [12] , and that are expected to be consistent at the non-perturbative level [43] .
Our starting point is the type I string in D dimensions, obtained by an orientifold [50] [51] [52] [53] of the ten-dimensional type II string compactified on a torus T 10−D . We denote the Neveu- 4 The involutionΩ has 2 10−D fixed points in the T-dual torus. Each fixed locus supports a different O-plane, whose nature, i.e. its RR charge and tension, depends on background values of discrete closed string moduli 5 [54] [55] [56] [57] which, in turn, are related to the presence or not of vector structure [58, 59] . Therefore, depending on the number of non-trivial discrete deformations, the orientifold vacuum involves different numbers of O(D − 1) + -and O(D − 1) − -planes with charges and tensions given by ±2 Alternatively, a brane can sit on top of an orientifold plane, in which case its position is rigid, withX I = 2πa I α ≡ 0 or π. Indeed, it was argued in [54] that an odd number of D-branes could be moved close to an orientifold plane 6 yielding, for instance, a Chan-Paton gauge group SO(15) × SO (17) , which is perfectly legitimate from the vantage point of type I perturbation theory.
As a result, the moduli space admits disconnected components that are characterized by the rank of the open string gauge group, which is lower than 16 when O(D − 1) + -planes are present or D(D − 1)-branes have rigid locations. In particular, the way rigid branes are distributed among the O-planes does matter when D ≤ 7 [43] . 7 In addition, it is very important to stress that by assuming heterotic-type I duality, non-trivial constraints arise for the non-perturbative consistency of orientifolds [43] [44] [45] [46] [47] . To be specific, let us consider the case where all O(D − 1)-planes are O − -planes, so that N = 32. When rigid D(D − 1)-branes 4 Depending on the value of D, an extra operator (−1) F R is needed in order to ensure that the orientifold involution is indeed order-two. In our notations, (−1) F R flips the sign of all NS-R and RR states. 5 These are the components of the NS-NS metricG IJ and RR two-formC IJ , I, J ∈ {D, . . . , 9}, which are odd with respect to the orientifold involution. 6 The paper [54] actually discusses the dual construction in terms of generic Wilson lines assumed to be in O(32) rather than SO (32) . 7 There are topologically inequivalent configurations, i.e. not related to each other by a change of coordinates. • For D ≥ 7, rigid branes are forbidden. Therefore, the moduli space has a single branch and G max = SO(32).
• For D = 6, two branches exist. The first one corresponds to the seven-dimensional models compactified on a circle. There are no rigid branes and G max = SO(32). In the second branch, there is a rigid brane sitting on each of the 16 O5 − -planes, so that 15 , with a reduced rank.
• For D = 5, three cases can arise. In the first, no rigid branes are present and G max = SO(32). In the second, exactly 16 rigid branes must sit on top of the 16 O4 − -planes located on one of the hyperplanesX I = 0 or π, for some I ∈ {5, . . . , 9}. In this branch, 15 . The previous two branches arise simply by compactifying the D = 6 allowed models on one additional circle. Finally, a third case exists where all 32 D4-branes are rigid and isolated, each of them being located on one of the 32 O4 − -planes. In this last branch, the open string "gauge group" is SO(1) 32 , which is trivial.
The above observations have interesting consequences when a spontaneous breaking of supersymmetry is implemented at tree-level by the Scherk-Schwarz mechanism [24] , generalized to the framework of open string theory [15] [16] [17] [18] [19] [20] [21] . In the present paper, we will consider the simplest realization of such a breaking, whereby (−1) F is gauged and fibered along a single compact direction, with F the spacetime fermion number. In the initial type I setup, this 8 In Ref. [12] , only the condition that the O(32) bundle is an SO(32) bundle was imposed.
amounts to introducing a mass gap M of the order of the inverse length of this coordinate, between bosonic and fermionic superpartners. Because no linearly realized supersymmetry is left over, an effective potential depending on all Wilson lines is generated at 1-loop. As shown at the perturbative level in Ref. [12] , the configurations where all D-branes (rigid or not) in the orientifold picture are distributed on the O(D − 1)-planes correspond to extrema of the potential. In particular, let us denote with p At such local minima, the 1-loop effective potential takes the particularly simple form Finally, the numbers of massless states, which are given by and D = 5 more choices are expected to be non-perturbatively valid, reflecting the existence of the two or three branches of the moduli space. In the following, we shall show that this is indeed the case by constructing explicit heterotic backgrounds with broken supersymmetry that are dual to tachyon free orientifold configurations consistent non-perturbatively.
Heterotic SO(1) 32 model in five dimensions
In this section, we consider the heterotic model that is probably the simplest one providing a dual description of an orientifold theory with rigid branes. It illustrates the use of Ising conformal blocks in the derivation of modular invariant partitions functions, and was first described in its supersymmetric version in Ref. [49] . In the class of open string theories considered in Ref. [12] , the model we focus on corresponds to the case where all 32 D4-branes are rigid and separated on the 32 O4 − -planes, with SO(1) 32 open string "gauge group". Its moduli space is nothing but one of the three branches allowed in five dimension, as described in the previous section. The model is also characterized by the greatest possible value of n F − n B , which is positive. The heterotic dual description is (relatively) simple in the sense that it can be realized in terms of a freely acting orbifold that is left-right symmetric, i.e.
geometric.
Let us consider a five-dimensional heterotic model based on a Z 5 2 free orbifold action on the internal T 5 that also breaks completely the SO(32) gauge symmetry and supersymmetry.
To be specific, each orbifold generator G I , I ∈ {5, . . . , 9}, acts as follows:
• It implements a half-period shift of the compact direction X I ≡ X I L + X I R , where X I L , X I R are the left-and right-moving pieces.
• G 9 also contains an action (−1) F , whose effect is to implement the Scherk-Schwarz spontaneous breaking of supersymmmetry [60] [61] [62] [63] [64] .
• The G I 's twist the extra 32 real fermions of the right-moving bosonic side of the heterotic string in such a way that all of them have distinct boundary conditions. The actions of the 5 generators are shown in Table 1 . They imply the initial conformal block generating the SO(32) degrees of freedom to be replaced by 32 copies of combinations of Ising characters. What we are interested in is the 1-loop effective potential
where F denotes the SL(2, Z) fundamental domain, τ = τ 1 + iτ 2 is the genus-1 Techmüller parameter, and Z (5) is the partition function. In the present case, we have
h g η 16 (−1) 4(g 9 a+h 9 b+g 9 h 9 )
where a, b and the components of the 5-vectors h, g take the values 0 or 1 2 . In our notations, η and θ denote the Dedekind and Jacobi modular functions, a, b are the spin structures of the left-moving worldsheet fermions (where 2a ≡ F ), h labels the 32 (un)twisted sectors, while the sums over b and g implement the GSO and orbifold projections. Because the Z 5 2 generators are freely acting, all 31 twisted sectors are massive. Therefore, the gauge symmetry generated by the 32 right-moving real fermions arises solely from the untwisted sector, and it realizes the following chain of breakings
where SO(1) denotes the trivial group containing only the neutral element. As a result, no marginal deformation (no Wilson line) is allowed by the shifted Γ 0,16 h g Narain lattices and this setup is expected to be dual to the orientifold configuration with 32 rigid branes. To be specific, from the twist actions of Table 1 , we have
where the spin structures γ, δ take values 0, 1 2 , and each of the 32 factors is a single Ising conformal block. On the contrary, the lattice of zero-modes of the internal torus depends on the metric and antisymmetric tensor moduli G IJ and B IJ ,
where m, n ∈ Z 5 are the momenta and winding numbers, ∈ Z 5 , and
where we have defined
In Eq. (3.2), the sign (−1) 4(g 9 a+h 9 b+g 9 h 9 ) is responsible for the spontaneous breaking of supersymmetry [64] . Notice that it reverses the GSO projection in the 16 twisted sectors that have h 9 = 1 2 .
In the untwisted sector h = 0, we obtain
where O(2n) affine characters are defined as [50] O 2n =
The O(16) characters arise because the 31 orbifold group elements I G 2g I I , for g = 0, twist 16 out of the 32 real right-moving fermions, as can be checked from Table 1 . Therefore, the characters with different g = 0 are formally equal. As announced before, the shift actions of the generators G I on the periodic directions X I , I ∈ {5, . . . , 9}, imply that all states in the twisted sectors h = 0 have very large masses, when the sizes of the compact directions X 5 , . . . , X 8 are not very small with respect to the string length. To be specific, we have This mechanism is well known, since it induces the restauration of an E 8 × E 8 gauge symmetry [65] due to the identity All of these states are neutral with respect to the gauge group U (1) 5 grav × U (1) 5 . As before, the value of n F agrees with Eq. jeopardizing the enhancement. Note that naively, because the generator G 5 implements a half-period shift along X 5 , one may think that an enhanced SU (2) symmetry should arise at the point G 5I = 4δ 5I , B 5I = 0 in moduli space. However, if this were true, the additional massless states would arise from the twisted sector h 5 = 1 2 , and we have seen in Eq. (3.10) that this sector is massive, due to the simultaneous action of the generator G 5 on the Γ 0,16
lattice.
The projection of the non-Cartan massless states is not specific to the SU (2) case. Therefore, all internal moduli G IJ , B IJ of the heterotic model remain massless at 1-loop, because perturbative states charged under the Abelian U (1) 5 gauge symmetry are not present. In order to stabilize some of the compactification moduli, we have to implement alternative free actions of the Z 5 2 generators on the internal directions, so that non-Cartan states belonging to the untwisted sector h = 0 survive. This is what we do in the following section.
Partial heterotic stabilization of the torus moduli
As explained at the end of the previous section, in order to stabilize some components of the internal metric G IJ and of the antisymmetric tensor B IJ in the heterotic model, we need to imagine different free actions of the generators G I , I ∈ {5, . . . , 9}, on the internal torus.
The new orbifold projection should allow the enhanced gauge symmetry states to survive in the untwisted sector h = 0.
To understand how this can be achieved, it should be noticed that in Eq. (3.15), the non-Cartan states of SU (2) would be preserved by the action of the generator G 5 if m 5 in the exponent was replaced by m 5 + n 5 , which is even. Hence, free actions implemented as half-period shifts on both coordinates X I L + X I R and T-dual coordinates X I L − X I R may lead to a stabilization of internal moduli at points of enhanced gauge symmetry. At such loci, n F − n B decreases, implying the heterotic massless spectrum to differ from that of the dual perturbative one in type I.
In orbifold language, actions of this kind on coordinates and T-dual coordinates are said left-right asymmetric [66] . The construction of orbifold models in this case turns out to be more constrained than in the symmetric one, due to modular invariance [67, 68] . To understand why, let us consider a (d, d)-lattice associated with arbitrary shift actions on the X I L + X I R and X I L − X I R , I ∈ {10 − d, . . . , 9}. Labelling the components of the lattice with d-vectors h, g and h , g , and parameterizing the continuous deformations by a metric G IJ and an antisymmetric tensor B IJ , we have
= e 2iπ g· h m, n e 2iπ( g· m+ g n) Λ m+ h , n+ h ,
where the second equality is obtained by Poisson summation over ∈ Z d . In our case of interest, all components of h, g and h , g take values in 1 2 Z. 12 In the above formula, we make use of the definitions given in Eqs. (3.6), (3.7), but for a d-dimensional torus. Notice that the components of h , g can actually be defined modulo 1. However, the most general transformation h → h + δ (or g → g + δ), where δ I ∈ {0, 1}, amounts to multiplying the lattice by (−1) 2 g · δ (or (−1) 2 h · δ ). Therefore, in order to construct modular invariant partition functions, the allowed vectors h, g, h , g (and correspondingly the allowed vectors δ) should be constrained for all signs (−1) 2 g · δ and (−1) 2 h · δ to be +1.
Besides the case of pure left-right symmetric (momentum) shifts we considered in Sect. 3, where all asymmetric vectors vanish, h = g = 0, a non-trivial solution is to choose the generator G 5 to act on the momenta and winding numbers of the pair of coordinates X 4 and X 5 of the (6, 6) lattice of a six-dimensional internal torus. Moreover, the remaining generators G 6 , . . . , G 9 can be chosen to be identical to those introduced in the previous section.
Namely, G 6 , . . . , G 8 act on the momenta of X 6 , . . . , X 8 , while G 9 implements the Scherk- and the shifted lattice can be written as
where , n are 6-vectors. We stress that the 6-vectors h, g depend only on 5-vectors h, g.
The key point is that because the transformation h 5 → h 5 + 1 (or g 5 → g 5 + 1) shifts pairs of integers n 4 , n 5 (or 4 , 5 ), they are symmetries of the lattice, as required to construct modular invariant partition functions based on a finite number (equal to 2 5 × 2 5 ) of conformal blocks As a result, when the background (G + B) IJ is of the form
the bosonic states of 2 + 2 vector multiplets are becoming massless, extending the U (1) 2 gauge symmetry associated with the directions X 4 and X 5 to SU (2) 2 .
To show that internal moduli fields are stabilized at this locus, we consider the 1-loop effective potential Sect. 3 that all light states of the Z 5 2 freely acting orbifold model we consider belong to the untwisted sector, h = 0, it turns out that the effective potential in this case equals the result of Ref. [34] , up to exponentially suppressed corrections. 13 In order to write the final answer, we define small background fluctuations y IJ , I, J ∈ {4, . . . , 9}, (I, J) = (9, 9),
in terms of which the Taylor expansion of the 1-loop effective potential at quadratic order and in the string frame takes the form In this expression, ξ D is given by Notice that the preservation of enhanced gauge symmetry states by a generator acting on both momenta and winding numbers is not automatic. As an example, let us consider before implementation of the Z 5 2 orbifold projection the NS states at lowest oscillator levels that have quantum numbers (m 4 , n 4 , m 5 , n 5 ) = (±1, 0, ±1, ∓1) , (0, ±1, ±1, ∓1) , (±1, ∓1, 0, 0) , with m I = n I = 0 , I ∈ {6, 7, 8, 9} . All of these modes turn out to become massless at the point in moduli space corresponding to the background similar to that given in Eq. In that case, the U (1) 2 gauge symmetry associated with the directions X 4 and X 5 is enhanced to SU (3). However, among these six non-Cartan states of SU (3), the four first are projected out by the operator appearing in the l.h.s. of Eq. (4.7) . Therefore, the asymmetric orbifold action of the generator G 5 reduces SU (3) to SU (2), and we obtain nothing better than what we would have found, had we compactified the model of Sect. 3 on a factorized circle of radius 1.
In principle, by further compactifying to lower dimensions and imposing more than one freely acting generator G I to act on momenta and winding numbers as we have done for G 5 , it is possible to stabilize more internal moduli, while further decreasing the net value of the potential. However, at low supersymmetry breaking scale, the Scherk-Schwarz direction X 9
being large, there cannot be extra massless states charged under the U (1) associated with this coordinate. Therefore, in this regime, the Wilson lines associated with this Abelian factor cannot be stabilized. Indeed, as follows from Eq. (2.1), in order to get a tachyon free model at 1-loop (provided the supersymmetry breaking scale is below the string scale), the gauge symmetry generated by the stacks located on adjacent O5-planes along the Scherk-Schwarz direction must be SO(3) × SO (1) . Using the conventions of Ref. [12] , the full open string gauge group of such 14 At tree level, they are identical whether the Scherk-Schwarz mechanism is implemented or not. 
where G I , I ∈ {6, . . . , 9}, denote the Z 4 2 generators. In particular, they act as twists on the extra 32 right-moving worldsheet fermions in the way shown in Table 2 . G 9 , G 8 , G 7 are similar gauge symmetry not to be enhanced back, all the orbifold generators must also act freely on the internal T 4 coordinates. Moreover, we choose G 6 to be the generator that contains in its definition the additional action of (−1) F , responsible for the spontaneous breaking of supersymmetry [64] .
The 1-loop effective potential
is expressed in term of the partition function that can be written in the following form,
where h, g are 4-vectors, whose components take values 0 or 1 2 . In these expressions, and accordingly with while the shifted (4, 4)-lattice and the phase ϕ h g we have introduced must be chosen in a way that ensures modular invariance. The latter is guaranteed when the actions of the SL(2, Z) generators on the Techmüller parameter translate into matrix transformations on the conformal blocks, In order to describe the spectrum, it is useful to write the above result in terms of affine O(2n) characters. In the untwisted sector h = 0, because the generator G 6 twists 8 real fermions, we obtain
m, n (−1) g 6 (m 6 +n 7 +n 8 +n 9 ) Λ m, n
24C8 .
(5.10)
Moreover, one can see from Table 2 that the remaining 14 group elements I G 2g I I , where (g 7 , g 8 , g 9 ) = (0, 0, 0), twist 16 real fermions, leading to
m, n (−1) g 6 (m 6 +n 7 +n 8 +n 9 )+g 7 (m 7 +n 6 )+g 8 (m 8 +n 6 )+g 9 (m 9 +n 6 ) Λ m, n of supersymmetry breaking is lower than the string scale (the winding number n 6 + 1 2 cannot vanish). 16 Similarly, the free actions of G 7 , G 8 , G 9 respectively on the directions X 7 , X 8 , X 9 imply all the states in the sectors (h 6 , h 7 , h 8 ) = (0, 0, 0) to also be very heavy, when the sizes of these directions are not much smaller than the string length (the vector of winding numbers In total, the gauge group symmetry is U (1) 4 grav × U (1) 4 × [SO(3) × SO(1)] 8 . Similarly, the massless fermions are found from the characters −S 8Ō24Ō8 /(ηη) 8 , −S 8V24V8 /(ηη) 8 in Eq. (5.10), and −S 8Ō16Ō16 /(ηη) 8 , −S 8V16V16 /(ηη) 8 in Eq. (5.11) . Notice that the sectors g 6 = 1 2 contribute with an opposite sign, as follows from the fact that the generator G 6 also acts as (−1) F . As a result, we find the perturbative heavy modes. However, as can be seen in Table 2 , the 32 fermions of the heterotic description can be split into 8 equivalent sets of 4. Because the generator G 6 flips the sign of any arbitrary fermion out of 4 in each set, it seems that the heterotic description is unique. Thus, all the "cousin" orientifold configurations described above should be equivalent to each-other at the non-perturbative level.
Conclusions
The fact that branes may have rigid positions in orientifold models entails appealing possibilities for reducing moduli instabilities that generically occur at the quantum level, when supersymmetry is spontaneously broken. They can also be used to increase the 1-loop potential to a vanishing or positive value, at least in a perturbative framework. However, strong constraints arising from the consistency of the setup at the non-perturbative level imply a drastic reduction of the allowed configurations. In particular, the number of rigid branes can only be 0, 16 or 32, with specific distributions on the O − -planes. In the present work, we have shown that all non-perturbatively-consistent branches of the toroidal orientifold moduli space in dimension D ≥ 5 admit heterotic dual descriptions. This is done by considering the usual SO(32) heterotic theory, and by explicitly constructing two representative models of reduced rank, with gauge groups [SO(3) × SO(1)] 8 and SO(1) 32 .
The SO(32) and [SO(3) × SO(1)] 8 models have negative potentials, with respectively massive or marginal Wilson lines at 1-loop, provided that the supersymmetry breaking scale is below the string scale to avoid severe tree level instabilities similar to the Hagedorn transition [69] [70] [71] [72] [73] . On the contrary, the SO(1) 32 theory does not develop tree-level instability of this type at any point in moduli space, while its potential is positive at least at low supersymmetry breaking scale.
An interesting fact is that the heterotic counterpart of rigid D-branes is realized by freely acting orbifolds that assign to internal real free fermions boundary conditions in such a way that one is left with two-dimensional Ising model conformal blocks.
Unfortunately, the issue of moduli stabilization is more subtle than expected. In the open string side, the closed string moduli are flat directions due to the lack of light states 17 charged under the Abelian symmetries arising from the toroidal compactification. One interest into looking for heterotic duals lied in the fact that a priori these scalars may be stabilized in a dynamical way at points in moduli space of enhanced gauge symmetry. However, the symmetric or asymmetric orbifold actions constrained by modular invariance tipically project out such extra massless states, jeopardizing the lifting of the corresponding flat directions.
Moreover, we only get models with unbalanced bosonic versus fermionic massless degrees of freedom, implying the effective potential to be large, due to its scaling proportional to a power of the supersymmetry breaking scale.
